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Deformation of bearing surfaces, I11I.

1. Introductiona

The followling computations were performed on request of the
Royal Shell Laboratory at Delft. (See your introductory commlssion
of March 15°%, 1951).

The subject 1s concerned wlth the elastic deformation of bearing
surfaces, embodied in the followlng reports:

(1) The elastic deformation of the surface of a hall space under
the hydrodynamic pressure distributilon, going with a parabolic
lubrication-film (IM 524) by H. Blok and J.W. Cohen.

(2) On the elastic hydrodynamilc problem of the lubrlcation of spur
gear teeth. By H. Blok.

(3) Deformation of bearing surfaces, R 51 by the Computation
Department of the Mathematical Centre.

2. Method and range of the computations.
mThe specifled task was:

1 . To determine Xy in the nelighbourhoed of x = k 1in such a way that
y"(xy)= 0, (2,1)
to state the values I

y(xi) A (xi) and y”(xi):

and the function F(x,x,) defined by (see (2) formula (64)):

F(x,xi)m(xmxi)(x+xim2 ax)+§m%§27-[jy(xi) - y(xi}, (2,2)
for the area x = - 2.0(0.1)7.0. oo i
2 . To determine the function Az (G)= J%%E 4( in { ‘l----G('t:)}wl at, (2,3)
in which K ‘

(P(t)m A.t(1+t2)"2 } B+(1+t2)~1 + B(g'm arctan | t), (2,4)
A = 2(1+k2) (2,5)
B=1-3k° (2,6)

1 4+ K° = 1.225748441 (2,7)



and this for a number of further specified values of the parameter
G and at the same time for N = 0(0.2)12,2, the relation between G
1 N i1 given by .

---- C (1 + k° ) , G[d’ (G)] (2,8)

It was necessary to compute separately the values of N for

=1
G m[TE (1 - 3 k° )] @ (For the formulas see (2)).

3 . To determine the function y( x,G), defined by

o |
. T =1
v(x,G)= é J ln[ 1-G (]O(t)] 11‘1(1\:«-----'5)2 at, (2,9)

for x = k and x = o, |
and G having the values that correspond with N = 2(2)12.

Finally the flrst and second derivative with respect to x of the
function y(x,G) was computed, x and G having the values mentioned

above.
For the computations the Iimproper integrals (2,3) and (2,9) were
transformed by means of the transformation

arccot t = s. (2,10)
m (t) changes into the function p(s)
| 14k 2 2 .
p(s) = - —— sin & s + 2 k¥ sin 2 s + (1-3 k%) s. (2,11)

Now: o +arctan Kk i
[\, : J 10g l: - G p 8)] —C_i_s_g_. P (2,12)

sin"s

and §+arctan k
v(x,G)= - %—J 1og[1 - )] levg
o

| 2 ds
sin

(2,13)

X - ¢cot 8}

s

(G) is not improper in the point s = 0, for

' , (=1
-G p(s) - 2 .
-§osfi-mpd 2 (2,14)

For S = arccot k,the integrand of (2,12) contains a logarithmic
singularity, amounting to ‘
2 log(swso)

- g
sin— 0

This difficulty has been surmounted by the method described in (3) .
The integrand in (2,13) also contains a logarithmic singularity,

In cot 8,4 =X, 1In fact.
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This logarithmic character of the singularity disappears in evaluating
the derivatlves with respect to X.
It is easlily derived that:

g- +arctan Kk [ ,
o (x-cot s)sin"s

which 1is a principal value in the sense of Cauchy.
Now we expand the integrand into a seriles

1 2 (2,16
—— +a,+a, u+a,us ..., (2,16)

in which u =8 - 84, and

Sy = arccot X - (2,17)
§-+arctan K 1

g‘ds analytically and

and now we evaluate aw1J

n 3
numerically. The difference between the Two evaluations 1s the

that is made by determining (2,15) via the way of numerical inte-
gration.
The formula for y"(x,G) 1is:

error

“%-+arctan K

{108 [1 -G p(s)] - 105[ T -G p(BOi{% *

y"(x,G)= %

T (2,18
(x-cot s8)“sin® s n

(2,18) can be proved by writing the integral (2,15) as follows:

S d

v (x,0)= - & [° 1ogl1-6 p(s)] 4 +
ol A (x-cot s)sin”s

s +&
JO logl1-G p(sig i 4
o

(x-cot s)sin®s
o~ ¢

% +arctan k

+ log (1-G p(s)] as | |
| (x-cot 8)sin®s _
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Therefore,

S +§
®
Lim Ei'—[ f ogEGps] ds] = (O
£ —> X cot s sin S
V‘i' O--&
Utilizing
X - cot S = O
dso 2
we find T = - sin So and therefore differentiation of the first

Integral yields:

S5o—¢ : ‘( - -
+ ?_J -2 [1 — b ds + S - p(so 6)] ain® g
G ( G 2 O

x- cot s)° sin“s EC--

O

Se—-¢

= + -QG-J { 10%[1 -G p(sﬂ - 10%[1“0‘ p(so“f’)] w} W

O

When, 1in a similar manner, we differentiate the last integral and
assume that 1lim§ — 0 we find (2,18). |

For the case x = 0, this new-found integral is again an integral

of which the principal value has to be considered, for x = k the
integrand 1s regular.

5. Numerical results.

All results have an error of at most one unit of the last flgure
that 1s stated. Here and there it proved necessary to use more

figures than was necessary for the final answer, in view of the fact
that flgures sometimes drop off.

For Xy was ffound

Xy = 0,38404%3

and

y(xi)“ - 2,5714
yt(xy)= - 2,1800%
y'(x3)= 10.53252,

In the tables I, II and III the functions F(x, Xy ) s (*(G) as

functions of G and N, and y(x,G), y(x, G) and y'"(x,3) follow under-
neath.



F(x,x,)

5,49315
5,00686
4 5414Y4
4, 09699
3,067353
3,27132
2,8903%2
2,55075
2,19276
1,37655
1,58239
1,31063
1,06163
0,83600
0,63453
0, 45845
0,31059
0,19416
0, 10949
0,05378
0,02173
0, 00648
0,00110
0, 00004
0, 00001
0,00014
0,00164
0, 00694
0,01902
0,04091
0,07533
0,12459
0,19057
0,27466
0,37798
0,50130
0,64515
0,80994

- -
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F(x,xi)

1,68235

1,95412

2,24735

2,56202
2,89806
3,25545
3,63410
4,03398
4,45501
4,89713
5, 36031
5,844L46
6, 34955
6,87554
7,42235
7,98997
8,57835
9,187T45
9,81722
10, 46764
11, 13868
11,83031
12,54249
13,27520
14,02842
14,80212
15,59627
16, 41088
17,24589
18,10132
18,97713
19:87329
20, 78982
21, 72669
22,68390
23,66140
24,65920
25,67731
26,71568
27, TTH431
28, 85321

o
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-
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F(x,x )

29,95236
31,07174
32,21136
33,37119
34,55125
35,75152
36,37198
38,21265
39, 47349



2 a ‘X(GO 2 b J(G) 2 b
G N N
0,0 { 0,0 1 6,4
0,1 1,03263 0,2 1,01717 6,6
0,2 1,06935 0,4 1,03447 6,8
0,3 1,11112 0,6 1,05192 7,0
0, 1,15944 0,8 1,06948 7,2
0,5 1,21655 1,0 1,08717 7,4
0,6 1,238609 1,2 1,10498 7,6
0,69 1,36458 1,4 1,12292 7,8
0,7 1,37456 1,6 1,14100 8,0
0,8 1, 49587 1,8 1,15919 8,2
0,84 1,56041 2,0 1,17750 8,4
0,9 1,69062 2,2 1,19593 8,6
0,97 1,99381 2,4 1,21449 8,8
0,98 2,10312 2,6 1,23319 9,0

0,986228583 2,31253 2,8 1,25200 9,2
35,0 1,27094 9,4
5,2 1,29000 9,6
3:4 1:30918 918
3,6 1,32848 10,0
3,8 1,34791 10,2
I, 0 1,36746 10,4
4,2 1,38713 10,6
b4 1,40693% 10,8
4,6 1, 42686 11,0
4,8 1, 44690 11,2
5,0 1, 46706 11,4
5,2 1,48735 11,6
5,4 1,50776 11,8
5,6 1,52829 12,0
5,8 1,54894 12,2
6,0 1,56972
6,2 1,59061

Q N
0,98622858 12,52021



Z

N O O O\ &=

— med

0.43360
0.69292
0,84514
0,93001

0.97191
0.98580

0.43360
0.,69292
0.84514
0.93001

0,97191
0.98580

v (x,G)

- 6.3674
- 7,819k
- 9.3633
-10.9726
-12.628

-14,33

yn(x,.)

12,32
19.57
31,78
57,01
127.8
8,4 x 10°

y'"(x,G)

- 2.471
- 5.3%64
- 8.920
~-12.81
-16.76
-20.7



